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ABSTRACT. In a largely heuristic but fascinating recent paper, Hu and Meyer
have given a “formula” for the Feynman integral of a random variable f on
Wiener space in terms of the expansion of f in Wiener chaos. The surprising
properties of scaling in Wiener space make the problem of rigorously connecting
this formula with the usual definition of the analytic Feynman integral a subtle
one. One of the main tools in carrying this out is our definition of the ‘natural
extension’ of pth homogeneous chaos in terms of the ‘scale-invariant lifting’
of p-forms on ‘the white noise space L?(R) connected with Wiener space.
The key result in our development says that if f, is a symmetric function
in LX(R?) and yp(fp) is the associated p-form on L2Z(R4), then yp(fp)
has a scaled L2-lifting if and only if the * kth limiting trace’ of f, exists for
k =0,1,...,[p/2]. This necessary and sufficient condition for the lifting
of a p-form on white noise space to a random variable on Wiener space is a
worthwhile contribution to white noise theory apart from any connection with
the Feynman integral since p-forms play a role in white noise calculus analogous
to the role played by pth homogeneous chaos in Wiener calculus.

Various k-traces arise naturally in this subject; we study some of their prop-
erties and relationships. The limiting k-trace plays the most essential role for
us.

1. INTRODUCTION

Interesting questions concerning homogeneous chaos, scaling, k-traces, and
the Feynman integral have been brought to light in a recent largely heuristic but
fascinating paper of Hu and Meyer [5]. Our purpose here is to indicate a way
of resolving these questions as well as several others which have arisen in the
course of our research.

Let R, denote the nonnegative real numbers and let % = %(R,) be the
space of continuous functions x on R, such that x(0) = 0. P; will denote
the standard Wiener measure on %,(R.). Every f € L%(%(R,), P;) has an
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expansion in Wiener chaos

(1.1) f= zp'l ),

p>0

where f, € L2(R?), the symmetric functions which are square integrable over
R% , and where [, denotes the p-fold multiple Wiener-Ito integral.
Hu and Meyer offer the following “formula” in terms of the expansion (1.1),

(02— DX
(1.2) Ea(f)=Z“W,——TT (f2k)-
k

The formula (1.2) is to give the “Feynman integral” of the random variable
f when g? is purely imaginary and when the right-hand side of (1.2) makes
sense.

The first problem coming from the Hu-Meyer paper is that of giving a rigorous
treatment of the k-trace, Tr* fp,of f, where k=0,1,...,[p/2] and [p/2]
denotes the greatest integer in p/2. We will do this in §§3 and 9, but, for the
purpose of this introduction, the reader may think of Tr* Jp as given by the
(oversimplified) formula

(Tr Jo)(S2ks1s -+ 5 Sp)

(1.3)
f1‘7sl7sl>” ,Sk,Sk,Szk.H,...,Sp)dS]“‘dSk.

The difficulties with (1.3) are clear since f, is defined only up to sets of
Lebesgue measure 0.

One would like to connect formula (1.2) with the usual notion of the scalar-
valued analytic Feynman integral of f obtained by starting with the Wiener
integral

(1.4) f(ox)dP(x)
%

for ¢ > 0 and analytically continuing to ¢? purely imaginary. Comparing

(1.1) and (1.2), the naive hope would be that for ¢ > 0,

1 @~ 1 () ifp =2k i
(1.5) /—,Ip(j},)(ax)dPl(x)= TR r(fix) if p =2k is even,
w 0 if p is odd.

However, (1.5) is too naive since, for o # 1, I,(f,)(ox) is defined only on a
set of P;-measure 0. (More will be said about this in §2A.) In order to obtain a
correct version of (1.5), the function I,(f,) needs to be extended. Perhaps the
first thing that comes to mind is to replace I,(f,) in (1.5) with I7(f,) where
I3(f,) is the Wiener-Ito integral corresponding to the variance parameter g2 .
This does not produce the desired result however because, even though the
integral makes sense, we obtain

(1.6) /{g Z:—!Ig(fp)(ax)dPl (x) = 0.

0
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We will show in this paper how to define N[I,(f,)] which we will call the
natural extension of the random variable /,(f,), and we will obtain the desired
formula

/ LN (fy))(ex) dPi(x)
% P-

(1.7) 2ok ok : .
={ (Lz;ﬁ)—“ (fox) if p =2k iseven,

0 if p is odd.

N[I,(f,)] will be defined in terms of the “scale-invariant .#2-lifting” (to be
defined in §2C) to random variables on %)(R,) of certain (p — 2k)-forms (k =
0,1,...,[p/2]) on the Hilbert space L*(R,).

Hu and Meyer have made the suggestion that in studying the problem of
extension of I,(f,) it might be more natural and basic to start not with Wiener
space but with the Cameron-Martin space ## on which the pth order “multiple
Wiener integral” is nothing but a homogeneous p-linear form y, defined on
# . Since Py(#) =0 forall 0 >0, y, is obviously not a random variable in
the usual sense. A theory of “accessible” random variables on a Hilbert space
regarded as a finitely additive Gauss probability space has been developed and
applied to problems of nonlinear prediction and filtering theory in the recent
book by Kallianpur and Karandikar [13]. It turns out that this theory is the
appropriate setting for the development of Hu and Meyer’s ideas. A key concept
is the notion of a lifting map to a suitable representation space, an idea that
goes back to I. E. Segal (see the references in [13]). These questions will be
discussed somewhat in §2C.

We remark that by taking a different choice of representation space, for ex-
ample, an abstract Wiener space or the white noise space (', u) where u is
the countably additive Gaussian white noise measure on the space .¥’'(R?) of
Schwarz distributions on R?, one can obtain extensions of our main results to
these spaces. Brief comments on the extension to abstract Wiener space are
given in §10.

Theorem 5.1 is a key result in our development. It asserts that the p-form
wp(fp) on L%(R,) associated with f, € LZ(R%) has a scale-invariant .#? lift-

. . . C .. = k .

ing if and only if the limiting trace, Tr f,, exists for k = 0,1, ..., [p/2].
Further, it expresses this lifting as a finite sum of multiple Wiener-It6 integrals.
The fact that the trace conditions are shown to be necessary as well as sufficient

is connected with the definition of the limiting trace, frk Jp (see §3). We were
led to Theorem 5.1 largely by questions that were raised in [5]. However, this
theorem stands on its own as a worthwhile contribution to the white noise the-
ory developed in [13]. Further comments related to this point can be found in
§5 below.

The Feynman integral provided the initial motivation for the present work,
and it, in conjunction with this paper and the paper of Hu and Meyer [5],
suggests several further questions. However, the discussion of the Feynman
integral below is limited to issues closely related to those already raised in this
introduction.

We finish this introduction by outlining the contents of the paper. Section 2
deals with preliminaries most of which are known or essentially known. Section
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3 is crucial; here the limiting k-trace, frk fp » is introduced and studied. Section
4 contains two lemmas which give the results of §§5 and 6 in the special case
where f, € LZ(R%) has a finite expansion in terms of a tensorial Hilbert basis
(¢;, ®--®¢;) for L2(RY).

The key result, Theorem 5.1, already mentioned above, which expresses the
lifting of a p-form on L2(R,) as a finite sum of multiple Wiener-Itd integrals
or, alternatively, as a p-form on Wiener space, is given in §5. The rest of §5 as
well as §§6 through 8 present various consequences of Theorem 5.1. Except for
§8, these results are of interest apart from any connection with the Feynman
integral. In §6, the point of view of Theorem 5.1 is reversed and multiple
Wiener-Ito integrals are written as finite sums of liftings of p-formson L?(R,).

The natural extension N[I,(f,)] of I,(f,) is defined in §7 and we show how
to write N[I,(f,)] as a finite sum of multiple Wiener-It6 integrals. At this point
it is easy to rigorously establish the connection between formula (1.2) of Hu and
Meyer and the usual definition of the scalar-valued analytic Feynman integral.
This is carried out in §8.

Section 9 is devoted to a rather detailed study of the various types of traces
that occur naturally in the context of these problems. The evidence seems to be
that the concept of “ k-trace” will be of continuing interest; the results of §§3
and 9 contribute to the understanding of these somewhat elusive objects.

During the course of writing this paper, the work of H. Sugita [19] was
brought to our attention by S. Watanabe. Sugita’s work and this paper have
rather different goals but, among the concerns of [19], are questions similar to
the results of §10 of our paper.

2. PRELIMINARIES

A. Scaling in Wiener space. A rather detailed treatment of this topic and its
relationship with the Feynman integral and other matters as well as references
to the earlier literature can be found in the paper [9] of the first author and
Skoug. Here we need the basic facts in the setting of Wiener space on the
infinite interval R, . This is the setting of the paper of Hu and Meyer and we
follow their discussion for a while.

Given any ¢ > 0, let

Q, = {x € %: [x, x], = ¢t for all dyadic ¢, t > 0}

[x, x]; = li'r'nzl:z;l [x <(k ;l)t> —Xx (g)r

It is known [5, 9] that Wiener measure P; on %(R,) is carried by Q; and that
the scaled measure P, := P oo~! corresponding to the Wiener process with
variance parameter o2 is carried by Q,. Clearly, Q, NQ,, = @ if 0y # o
and so P; and P,, are mutually singular. Note: When we say that P, is
carried by Q, we mean that P,(Q,;) = 1 and not that Q; is the topological
support of P, ; indeed, the topological support of P, is %, for each ¢ > 0.

Clearly a function F is defined P,-almost surely (Ps-a.s.) on % if and
only if it is defined P,-a.s. on Q. Since Q, =, and P, = Piog™!, F is
defined P,-a.s. if and only if F oo is defined P-a.s.

where
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Next, for the convenience of the reader, we state some definitions and results
that are given in [9]. Let & = % (%(R,)) denote the g-algebra of Borel subsets
of &(R,). When (%, &, P,) is completed, let %, be the resulting o-algebra
of P;-measurable sets and let .#; be the collection of P,-null sets. A subset A4
of % is said to be scale-invariant measurable provided that 04 € 4 for all
o >0. Suchaset N is said to be scale-invariant null provided P,(cN) =0 for
every ¢ > 0. A property which holds except on a scale-invariant null set will
be said to hold scale-invariant almost surely or s-a.s. The collection of scale-
invariant measurable (respectively, scale-invariant null) sets will be denoted .
(resp., /). It is easy to show [9, Proposition 3] that &~ = (., and
N =\y075 » and, further [9, Proposition 4], 4 € . (resp., 4 € #") if and
only if ANQ, € % (resp., ANQ, € #;) for every ¢ > 0. Theorem 5 of
[9] gives a simple characterization of % and .#° which the reader might find
helpful.

A function F: &(R.) — R is said to be scale-invariant measurable provided
that it is measurable with respect to the o-algebra .. Every Borel measurable
function and so certainly every continuous function is scale-invariant measur-
able. Let F: % — R have domain D. It is not hard to show [9, Theorem
19] that F is s-a.s. defined and scale-invariant measurable if and only if, for
each o > 0, the restriction of F to Q, is P,-a.s. defined and P,-mecasurable.
Functions F and G from %(R;) to R are said to be equivalent (F ~ G)
if and only if they are equal s-a.s. This is much more refined than the usual
equivalence relation which requires only that F and G be equal Pj-a.s. If the
function G is identically 0 on %, then it is not surprising that its Feynman
integral is 0. It is possible to have a function F such that F = G P;-a.s.
but the Feynman integral of F fails to exist (or, alternately, exists but is not
0). Such examples and others from [9] show the necessity of using the refined
equivalence relation in connection with the Feynman integral. On the positive
side, if G has an analytic Feynman integral and F = G s-a.s., then F has the
same analytic Feynman integral.

B. Multiple Wiener-Ité integrals. A discussion of this topic can be found in
several places including the book of the second author [11, pp. 136-138]. We
state the basic facts for the Wiener process with variance parameter o2 .

Let p be a positive integer. The multiple Wiener-It6 integral I7(f), f €
L%*(R%), is a random variable which is defined P,-a.s. on %(R,) or, to be
more precise, P;-a.s. on Q,. For f, g € L*(R}) and c € R, we have (2.1)

(i) I3(cf) = cIg(f) (Prras);
(i1) I(f+8)=I](N)+17(g) (Pras.);
(i) I7(f) =17(f) (Ps-a.s.) where f denotes the symmetrization of f;
(iv) L (f)(ox) = 6”L,(f)(x) (Pi-as.);
) EnlZ(N)i= [ I(N0dPs(x) =0

%o(R+)
(vi) Ep, 5 (NP = Ep, 117 (NP1 = DI 13 < 0 p!IIf113;

(vii) Ep (7 (NI ()] = Ep I (NI; ()] = 0™p(f, &) age)-
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Further, if ¢ is an integer distinct from p and g € L*(R%), then
(viil) Ep,[17(N)17(8)]=0.

Note that for ¢ # 1, one side of (iv) involves I7(f) whereas the other does
not. It is not true that I)(f)(ox) = o”1,(f)(x) Pi-as. In fact, I,(f)(ox)
is not even defined Pj-a.s. as gx € Q, Pj-as. but 11} (f)(+) is only defined
Pj-as. on Q.

Normalized Brownian motion, ¢ = 1, is most often discussed by itself; then
one writes I,(f) rather than 11}( f). With this notation, (iv) of (2.1) asserts
that for every f € L*(R?) and ¢ >0,

(2.2) I;(f)(ox) = a”,(f)(x) (P-as.).

The collection of all the functions I7(f): Q, — R, provides an extension
of I,(f) = Il} (f) from Q; to U,.(€s . The extension is, in the language of
the previous subsection, s-a.s. defined and scale-invariant measurable. When
p = 1, the extension just mentioned is the only one which will interest us,
and we will simply use 7,(f) to denote the extended function. In contrast, for
p > 2, there is another extension of I,(f) (= I}(f)), the “natural extension
NI[I,(f)]” which will be among our main concerns. Because of this and because
of its usefulness in later theorems, we will retain the ¢’s in the notation I7(f)
when p > 2.

Remark 2.1. Let f € L*(R,). If desired, one can choose a representative in
such a way that I,;(f) is everywhere defined on %(R,) and satisfies (iv) of
(2.1)inthe p =1 case forall ¢ > 0 and x € %(R,). Simply take I;(f) to be
0 off of €2 and on those x € Q; for which /;(f) is not already defined;
finally, for ox € Q, = dQ,, take I,(f)(ox) to be al,(f)(x). Formula (iv)
of (2.1) shows that this everywhere defined function and the original function
agree s-a.s. We can employ essentially the same device for p > 2 and choose
a representative which is defined on all of %(R,) and satisfies (iv) of (2.1) for
every 0 >0 and x € %(R,).

C. Lifting and scale-invariant lifting. An extensive discussion of the concept
of lifting and its applications to filtering theory along with references to the
literature can be found in the book of Kallianpur and Karandikar [13]. We
begin by recalling some facts connected with the canonical Gauss measure on
a separable Hilbert space H over R. Let & denote the class of orthogonal
projections on H with finite dimensional range. For 7 € &, let

%, :={n"'(B): Be€ & (n(H)), the Borel class of the range of }.

%, is a o-field for each n and % := {J,.» % is a field of subsets of H. u
will denote the finitely additive canonical Gauss measure on H [13, p. 62].
(H, %, u) is called a finitely additive canonical Hilbert space.

A representation of u is a pair (L, P) where P is a countably additive
probability measure on some measurable space (Q, .%/) and L is a mapping
(actually, an equivalence class of mappings [13, p. 81]) from H into the space
of R-valued random variables on (Q, &/, P) such that L is linear in an ap-
propriate sense and such that forall C € ¢,

#(C) = P{w € Q: (L(h)(®), ..., L(hj)(w)) € B}
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where C={he H:((h, ), ..., (h, h;)) € B} with hy, ..., h; in H and B
a Borel subset of R/. A representation of ux always exists. In the main body
of this paper, we will take (Q, %) to be (%(R,), Z(%(R,)) and P to be
one of the scaled Wiener measures P,, g > 0. The representation L will be
chosen as

(2.3) L(9)(x) = Ii($)(x)

where ¢ € H = L*(R,) and x € %(R,).
A function f: H — R is a Borel cylinder function if and only if it can be
written as

(2.4) f(h)y=g((h, h), ..., (h, h))

for some k > 1 and Ay, ..., b in H where g: R — R is Borel measurable.
We define Rf, the lifting of [, to be

(2.5) R(NC) = gLi(h)(), -y Di(hy)())-

The discussion in §2B (p = 1 case) shows us that Rf is defined s-a.s.

Let 0 > 0. Z%H, u) will denote the class of functions f: H — R satis-
fying: For all © € &, the function f o n(h) := f(nh) is %,-measurable and
for all sequences {ny} from & converging strongly to the identity (zy — I),
the sequence {R(f o ny)} is Cauchy in P,-probability. One can show that all
these sequences converge in P,-probability to the same limit R,(f), called the
o-lifting of f. Ry(f) is defined P,-a.s. An f in ZO(H, u) will be called a
o-accessible random variable. The lifting usually discussed is the 1-lifting.

If f hasa o-lifting forall 0 >0, welet Rf = R, f on Q, and we call Rf
the scale-invariant lifting (or s-lifting) of f. In this case, for every ¢ >0, Rf
is defined P,-a.s. Thus Rf is s-a.s. defined and scale-invariant measurable.
A function f which belongs to .Z°(H, u) for every ¢ > 0 will be called an
s-accessible random variable.

For any o > 0, we let £?(H, 1) denote the set of all /€ £O(H, u) such
that for all sequences {ny} from & with ny 11,

(2.6) /g R(f o 7ty) = R(f o ) PdPy — 0
as N, N' - co. Note that if /€ .Z?(H, u), then
(2.7) / IR, (f)|*dP, < .

%

When f € ZL2(H,u), we call R,(f) a o —.%? lifting. If f belongs to
ZLAH, u) forall ¢ >0, wecall Rf := R,f on Q,, a scale-invariant &2-
lifting. If Rf is a scale-invariant .#2-lifting then, for every ¢ > 0, Rf is
defined P,-a.s. and belongs to the space L?(%y(R,), P,) which can be identified
with L2(Q,, P,).

3. THE LIMITING k-TRACE
There are various ways of defining the k-trace of a function f, € L3(R%).

. . . . . ... = k
In this section we focus our attention primarily on the limiting k-trace, Tr f,,
since it will appear in all of our principal theorems in §§5-8. Three other
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definitions of k-trace will also be given. A simple case of the first of these (see
Definition 3.1) will be involved in the definition of the limiting trace. The other
two will be introduced in §9 where it will be shown, among other things, that
for a large class of functions, all four k-traces exist and agree. The results of
§9, while not used directly in §§3 and 5-8, shed light on the earlier material in
various ways. For example, they provide sufficient conditions for the existence
of limiting k-traces.

Rosinski discussed a Hilbert space valued trace in [17]. The limiting trace
will be defined as the limit of certain simple cases of these traces. We give the
definition from [17] just in the setting which concerns us. A somewhat more
detailed discussion can be found in our earlier paper [8] and, of course, in [17].

Definition 3.1. Let f, € L2(R%) and let 0 < k < [p/2] where [p/2] denotes
the greatest integer in p/2. We take Tr° Jpi=fp. For 1 <k <[p/2], we say

that Tr* Jp exists and equals 4 € LSZ(Rﬂ“Zk ) if and only if for every CONS
(i.e., complete orthonormal set) (e;) for L?(RX),

00
/Rk ]kal‘,(sl,...,Sk;Sk+|,...,52k;°,...,°)
j=1 + X R

(3.1)

(S, v s SK)€i(Skar s -+ s S2)ASL - dASdSpyy - dSy = h(-),
where the series on the left-hand side of (3.1) converges to 4 in the norm on
LYR5).

Until §9 we will need Tr fp as just defined only for the special functions
described in our first proposition. Let (¢;) be a CONS for L?(R,) so that
{¢p®---®¢;,:ij=1,2,...,1=1,...,p} isa CONS for L*(RF).
Proposition 3.1. Suppose that f, € L2(R) has an expansion of the following
form in terms of the CONS {¢;, ® ---® ¢;,} described above

N

(3.2) fr= Z a, ..., ® @,

iy ey ip=1

Then Tr* fp exists for every k, 0 < k <[p/2], and we have

N N
(3.3) TrkfI:’ = Z ( Z Ajy s jrs s ics dics fakrt > ,i,,) Pirs) © - ® i
N

j 9 eeey jk=1
Proof. Let (e;) be any CONS for L%(Rk) . By Definition 3.1 it suffices to show
that the series

(3.4)

oo N
Z/Rk . [ Yo an, ., %i(s1)

i1 sy ip=1

i2k+| yeeey ip=l
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converges to the right-hand side of (3.3) in the norm on LZ(Rﬂ‘Zk). But the
series in (3.4) equals

N o0 N
Z Z ( Z iy ey ip Py ®"'®¢ip)

s I =1 J=1 Nigjeyy s s fp=1
° (d’i; ® - ® ¢ik ) ej)LZ(Rl:’) ¢ (¢ik+l ®-® ¢i2k > ef)LZ(R’;)

N N
Z ( Z iy iy Py ®"'®¢ip)

i e igg=1 \iggap s s ip=1

(3.5) . (Z(d’i, Q- ®Pi, €)(Pi,, ® @iy, ej))
j=1

N N

i ey iz =1 \iggyyserr ip=1

(9, ® @i, Fiy,, ® B biy)

N N
Z Z Gy iyt kv igkst voenip | Pigpy @7 ® By

gyt s bp=1 \Jp sy Jg=1

with the series in (3.5) converging in the sense of the norm || || ge-2)- O
+

In Theorem 9.3 we will give a result which is more general than the one just
proved. However, Proposition 3.1 is all that we require at present.

= k
Next we take advantage of Proposition 3.1 and define Tr f,.

Definition 3.2. Let f, € L2(R?). Given any CONS (¢;) for L?(R;) and any
positive integer N, let
N

(3.6) Ney= D @,..,0,0 8¢,

ity ip=1

where a;,, ..., = (fp,¢;, ®---®¢;,). For k = 1,...,[p/2], the limiting
Lk

k-trace, Tr f,, exists provided there isa g € Lz(Rﬁ‘zk) such that

(3.7) IT* [Ny, — 8l =0 as N — oo

for every CONS (¢;) for L?(R,). The function g is, by definition, frk Jp-
We take ’l:roj;, = fp.

. ook . .
It is natural to ask if Tr f, exists and equals Tr* f, when f, has a finite
expansion as in Proposition 3.1 above. The answer is in the affirmative.

Proposition 3.2. Let (y;) be a CONS for L*(R,) and suppose that f, € L}(R%)
has the expansion

M
(3.8) h= Y an, .,V ® -0,

iy ey ip=1

- k
Then Tr f, exists and

(3.9) TS, = T .
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Proof. Let (¢;) be any CONS for L?(R,). We must show that
(3.10) T £V ) = T Soll g2 = 0

as N —oo. Let b, i, =(fp, d:, ® - ®¢;,). To show (3.10) it suffices, by
Proposition 3.1, to show that

N N
z Z bjlvjlv'“)jk‘jk,"zkﬂ,...,ip ¢i2k+| ®®¢lp

bkat s rip=1 \Jp»omr =1

(3.11) M M i
- z E Qi gy i Js ikt s ip | Wi © 0 @ Wi | -0
it s ip=1 \Jp e jg=1 !
as N — oo.
From the expansion (3.8) we see that
M
(3-12) bi. yesdp = E ay, ,...,u,,('//ul > ¢i|) """ (V/up s ¢ip)-
Uy, Up=1
Using (3.12) to justify the first equality we can write
(3.13)
N N
Z Z bj, .j, sesJko JkosBakal s nip Dirsy ® -~ ® Pip
ingat s eerip=1 \Upses =1
N N M
= Z Z Z aul,...,up(Wul»¢j,)('/’u2,¢j,)'---
inggt s s ip=1 Uy sees k=1 Lu) s, up=1
* Wuge_y s 95i) * Wuye s D) * Wugeyy > Biggey ) o (W » ¢"p)} }

oo
¢ ( Z (W’“2k+| ] -® Y, » ¢i2k+l ®.H®¢ip)wv2k+l ® --® '//Up)

Ugky] s Up=1

00 M N
Z Z Auy,...,up (Z(W“l B ¢j|)('//u2 s ¢j1))

U2k+|,...,vp=l ul,...,u,,:l J1=1

N N
(Z(Wuzk—l > ¢jk)('/’“2k > ¢jk)) ( Z (W“2k+l > ¢izk+|) : (W”2k+l > ¢i2k+l)) :

Jk=1 ik41=1

N
‘ (Z(Wup s d’ip)('/lvp s ¢ip)) 27V ®-® va

ip=1
) M
= Z Z au,,...,up('//upPN'//uz) .... (‘//llz,(_|, PNWuzk)

Vokyt s Up=luy o, up=1

* (Wu2k+| s PN'//‘UZkH) St ('//llp > PNva)szk-i-l ® - ® Yup
M
Z au.,...,up('/’ul,PNWuz)

Uy, .., up=1

""" (Wuye_y » PN'//uzk)(PNWquH) ®-® (PN'//up)-
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We now take the limit of the last expression obtaining

N N
Nh—rpoo Z ( Z bjlvjlv~~vjkvjkvi2k+lv~~~vip> ¢i2k+|®"'®¢ip

Dk s ip=1 \Jis s Jg=1
M
= Z Quy,...,up {A}me(Wu|7PNWuz)‘~~'
Uy, Up=1
(3.14) * (Wuge_y » PNV IPN Wiy, | 1® -+ ® [PN'//up]}
M
= Z Quy sty (W s W) * o (Wuge_y > Wy )Wy ® - @ Yy,
Uy Up=
M M
= Z Z Qjy iy s dio dio iakat s o ip | Ving ®-@Wip >
Dkt v dp=1 \Jp o Jg =1

and so (3.12) is established and the proof is complete. O

Remark 3.1. For the finite sums (3.8), the oversimplified formula (1.3) does
Lk

actually give Tr* f» which equals, by Proposition 3.2, Tr f,.

. . . . = k .
It is desirable to have theorems insuring that Tr f, exists for a large class of
f»’s; Theorem 3.1 is one such result.

Theorem 3.1. Let f, € L2(Rf). Suppose that there exists a CONS (y;) for
L2(R,) such that, in the expansion

oo

(3.15) =Y a.,v 88,

ity ip=1
the coefficients (a, .. ;) arein I;.
"
Then for every k, 0 <k <[p/2], Tr f, exists and is given by

Tk oo oo
(3.16) Tr fb = Z ( Z a;, »jl»~~~,jk,jkvi2k+lv~-~’ip> Vi @ @ Vi,

Iakgt seesdp=1 \J1 s Jix=1

Though an independent proof of this result can be given it seems convenient
to deduce it as a corollary (Corollary 9.11) of a similar result on the existence
of Tr* J» which will be proved in §9.

. . . . = k
The next proposition gives some information about f, and Tr f, under the
. = k .
assumption that Tr f, exists.

oy
Proposition 3.3. Let f, € L3(R%) and suppose that Tr f, exists. Then for any
CONS (¢;) for L*(R,) and associated expansion

o0
(3.17) S = Z iy, .., 0, ® - ® P,
ity ip=1
for f,, we have that the limit
N
(3.18) lim Z Ajy o jrses ks dics ikt s oesip

N—oo . ’
Jsees k=1
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exists for all iy, ..., i,, and that

oo (e @) 2
(3.19) Z Z jiJiseees dics Jis Bkt > o B <00
J

Dkt > s ip=1 \J1sws Ju=1

where the inner sum in (3.19) is taken to mean the limit in (3.18). Further, we
have the formula

-ok o0 o0
(3-20) Tr f1‘7 = Z ( Z ajl’jlv~~~vjkvjk»i2k+l’~-~vip) ¢i2k+l ®"'®¢ip’
J

Dokgtseesp=1 \J1,ees Jk=1

where the inner sum in (3.20) is again interpreted as the limit in (3.18) and
the outer sum is the limit in the L2(R%~2*)-norm.

Proof. By Definition 3.2 and Proposition 3.1,

N N
Sy = Z Z jy s jrss i dis i2kat s dp ¢i2k+l®"’®¢iﬂ

(3.21) inkot s ip=1 \Ji1 oy k=1
— 'l:‘rkfl‘,
in LZ(Ri‘Zk)-norm as N — oo. Hence for fixed &5 ,,,..., i),
(322) (v, by @ 0dy) = (T fy, by @ O y).
But for N > max{iy,, ..., i},
N
(3.23) (W, b, ® - @Bu) = D G edeily il
Jtses k=1

Formula (3.23) and (3.22) show that the limit in (3.18) exists and equals the

. k
coefficient of ¢,;k ®- ‘®¢;: in the expansion of Tr f, . The conclusion (3.19)
and formula (3.20) then follow immediately. O

Proposition 3.3 gives conditions on the coefficients (a;, .. ;,) which are nec-

. = k ... .
essary for the existence of Tr f,. Are these conditions also sufficient? Let
us state this in more detail. Let (a;,,.. ;) be a sequence in /; which satisfies

= k . .
(3.18) and (3.19) and let f, be given by (3.17). Does Tr f, necessarily exist?
The answer is “No” as the following example shows.
Let p =2 and take

L
~— ifi=i=i,

ai,,izz F I 1 %) 1
0, if iy # iy

Then (a;, ;,) € > and

N
i o 1 1 1 (—1)N+!
1\}1_{1’(!02‘1]|J|_131_1;1'010{1—'2-4-3—24-..._}. ~ ,

=1
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a limit which exists and is the sum of the alternating harmonic series. The
condition (3.19) does not enter into the picture here since p = 2. Now let

e e (_1)i+l
L= a6, ®¢, =) i ® ¢i.

iy, =1 i=1

To see that T rl /> does not exist, take a permutation of the positive integers
such that the corresponding rearrangement of the alternating harmonic series
has a different sum. Let (y;) be the CONS obtained by making the associated
permutation of the ¢;’s. Let f, = }° bi, i, Wi, ® i, be the expansion of

iy, ip=1
-1

/> in terms of the CONS {y;, ® y;,}. In order for Tr f; to exist, Proposition

3.3 requires that the equality

N N
1}}_120 Z bfl N ,}l_l?go Z aj,j
Ji=1 Ji=l1
hold. However, this equality fails since Zj:;l bj,,j, is a rearrangement of the
alternating harmonic series converging to a different number.

Taking p = 2 simplified the discussion of the example above but, in fact,
one can also find such examples with p > 2 where the condition (3.19) does
come into consideration.

Next we obtain two results which involve iterated limiting traces.

- k
Definition 3.3. Let f, € L2(R%). If Tr f, exists for k =0, 1, ..., [p/2], we

say that f, has all of its first order limiting traces. Whenever ’frk fp exists,
it belongs to Lsz(Rﬁ‘Zk) and, for v =0, 1,..., [(p — 2k)/2], it may possess
a v-trace fru[frk fp]. If all of these traces exist, k =0,1,...,[p/2], v =
0,1,...,[(p—2k)/2], we say that f, has all of its second order limiting traces.
These second order (or iterated) traces are said to be consistent with the first order
traces provided that

Sy ok vtk
Tr [Tr j},]:TrH Jo» k=0,1,...,[p/2],v=0,1,...,[(p - 2k)/2].
We can, of course, consider third and higher order traces. However, the next
simple proposition assures us that we get nothing new beyond the second order.

Proposition 3.4. If f, € L2(RY) has all its first and second order limiting traces
and they are consistent, then all the third order limiting traces of f, also exist
and are consistent; that is, if 0 < k < [p/2], 0 < v < [(p — 2k)/2] and
0</<[(p-2k—-2v)/2], then frl{fry[frkﬁ,]} exists and
<1 v o~k ~ k+v+l

(3.24) Tr {Tr [Tr f,]} =Tr (fp)-

It may well be that even the second order limiting traces yield nothing new.
At any rate, the following proposition is true.
Proposition 3.5. Let f, € L2(R%). Suppose that there exists a CONS (w;) for
L2(R,) such that, in the expansion

[e o]

f= > a8 0,

ity ip=1
the coefficients (a;,,..,i,) arein I;.
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Then f, has all its first and second order limiting traces and they are consis-
tent.

This result is not difficult to prove. However, it is contained in Corollary
9.12 and so we omit the proof here.

4. THE CASE OF FINITE EXPANSIONS

Two of our main results relating multiple Wiener-It6 integrals and liftings of
p-forms will be given in this section in the special case where the function f,
involved has a finite tensorial expansion. These results will serve as key lemmas
for the next two sections where the corresponding general results will be proved.

We begin by introducing some notation which will be useful in this section
as well as further on. Given ¢; € L*(R,), let & = I;(¢;). From the discussion
preceding Remark 2.1, we have that for every ¢ > 0,

(4.1 Ei(ox) =a&i(x) Pj-as.

Recalling Remark 2.1, we can even regard & as everywhere defined on %(R,)
and satisfying &;(ox) = 0&;(x) forall ¢ >0 and x € %(R.).

Given g € L%*(R%), there is an associated p-form w,(g) acting on H =
L*(R,):

(4.2) wp(8)(h) = (g, h®p)L2(Rﬂ)

where h®P(sy, ..., s,) = h(s;)----- h(sp) . Note that & = I,(¢;) is the lifting
of the 1-form (and cylinder function) w,(¢;) defined by w,(¢;)(h) = (¢;i, h).
(See (2.4) and (2.5) in §2.C.)

Let (¢;) be a CONS for L%*(R,) so that (¢; ® ---® ¢;,) is a CONS for
L*(R%). We work throughout the rest of this section with an f, € L}(R%) which
has a finite expansion,

N

(4.3) fi= Y ai..,6,0 28,

ity ip=1

It will be convenient for us to explicitly state as a lemma a simple consequence
of the It6 decomposition formula. It6’s formula, (4.5) below, can be deduced
from assertion (3.4) of Theorem 2.2 of [6].

Lemma 4.1. Let f, € L2(R) have the finite expansion (4.3). Then for any
g>0,

N
=Y a.,I5¢,0 @4,
iy ip=1
N

(4.4) = Z ai,, iy (¢i, ® - ® i, )&,

N
—a*p-1) > @i df (850 ® ).

iy oy dpy=1
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The first equality in (4.4) is an immediate consequence of the linearity prop-
erty of IJ on L%(R%) . The key to the second equality is the It6 decomposition
formula mentioned above:

I(¢i, ® - ®i,) =17_1(di, ® - @ i,_,)Ci,

4.5
(4.5) _Gzz L3, ® 08, ® @i )i, b))

where the symbol ~ indicates that the /th function ¢, is omitted leaving a
(p — 2)-fold tensor.

We are now ready for the first of the two lemmas mentioned in the opening
paragraph of this section. The formula involved appears in a paper of Bala-
krishnan {2, p. 26]. Balakrishnan’s result is for “band-limited white noise” in
the case g = | ; nevertheless, the key ideas appear in [2].

Given a positive integer p and a nonnegative integer k such that 0 < k <
[p/2], let

o p!
(4.6) k= (p — 2k)12Kk!”

These constants will appear frequently throughout the rest of the paper.
Lemma 4.2. Let f, € L2(R?) be given by the finite expansion (4.3). Then, for

any g > 0, we have

N
B =Y. a5, 0 -0,

iy, ip=1

[p/2] N N
_ k 2k Lo L R .
(4~7) - (=D CPJ( z Z LT O N Y YRR 6‘2k+l é'p
k=0 iy seendp=lip, ., ip=1
[p/2]

=S (-1 C, kRIWy— 2 (TT* fp)]1.

Proof. The subscripts on the a’s range from 1 to N throughout, but we will
suppress this in the notation.

The first equality in (4.7) comes simply from (4.3) and the linearity of I7
acting on L2(R%). The third equality comes from formula (2.5) for lifting
cylinder functions, (4.2) above and the fact (see Propositions 3.1 and 3.2) that

(4'8) Trk fp = Z Z T P T P S 1p¢lzk+1 - ® ¢ip'

bkt s eeesdp By 5 ey B

Our main task then is to establish the second equality in (4.7).

We proceed by induction on p. When p = 1, the sum over k reduces to the
k = 0 term. Further, when k = 0, the a’s do not have any repeated indices.
Thus we see that when p = 1, the third expression in (4.7) is just another way
of writing the second expression.
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The case p =2 is readily obtained from (4.4) of Lemma 4.1:

Zan 153 ¢l| ®¢lz Za" i ¢1| 512 g Za’l i
= Zall 12611612 g Za,, i

where the second equality comes from the fact that I;’(¢,~l) = ¢;, for every
g>0.

The induction step also depends on Lemma 4.1. The argument is straight-
forward but somewhat tedious, and we omit it.

Remark 4.1. Lemma 4.2 makes the idea of the “natural extension” of I,(f,) =
I}(f,) rather transparent in the case of f,’s with finite expansions. Hu and
Meyer [5] sought to extend I,(f,) in such a way as to preserve polynomials in
first order stochastic integrals. That this is a reasonable strategy in connection
with the Feynman integral was quite believable to the present authors since it
is consistent with their earlier work, for example [7 or 12], relating the Fresnel
integral of Albeverio and Hoegh-Krohn [1] which deals with certain functions
on a Hilbert space H to the Fresnel (or Feynman) integral of corresponding
functions on the Wiener space [3, 10] or abstract Wiener space [12] associated
with H .
Applying Lemma 4.2 with ¢ = 1, we get the formulas

[p/2] N N
Ip(fp)zz(_l)kcp,k Z Z @iy iy i B gt 5 nBp * Sigr * 77 Gl
(4.9) k=0 fnat > s ip=Lig 4o =1
' [p/2)

=3 (=DFC, K RIYp— ok (T f)].
=0

Since the natural extension N[I,(f,)] is to preserve polynomials in first order
stochastic integrals, that is, in the &;’s, it is clear how N[I,(f,)] should be
defined in this case; it should continue to be given by either of the last two
expressions in (4.9),

[p/2] N
NLUI= D (-D%Co e D
k=0 i2kes s s ip=1
N
(4.10) O @ik ey iy i,
iy, =1
[p/2]

= Y (=D*C, kRl (Trk f)).
k=0

Since each ¢; is s-a.s. defined and may even be taken as everywhere defined,
the same can be said of N[I,(f,)] in the present situation.

In the general case in §7 where infinite expansions are involved, we will need
to work harder to define the natural extension. Briefly, for every o > 0, we
will take limits in the space L?(Q,, P,;) of polynomials in first order stochastic
integrals.

In Lemma 4.2 a multiple Wiener-It6 integral I7(f,) was expressed as a sum
of (p —2k)-forms, k =0,1,...,[p/2]. Lemma 4.3 will express a p-form,
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restricted to Q. , as a sum of multiple Wiener-It6 integrals Ig_Zk(Trk f), k=
0,1,...,[p/2]. Lemma 4.2 is the key to Lemma 4.3 which will, in turn, be
essential to the developments in later sections. Formla (4.13) below is essentially
formula (10) in Hu and Meyer [5], but in [5], it is a remark which is not pursued.

Again f, will be assumed to have the finite expansion (4.3). Hence, the
associated p-form y,(f,) on H = L%*(R,) (see (4.2)) will be the cylinder

function

N
(4.11) Wp(ﬁ;)(h)é Z iy ..o, ip(Piy s B) e (¢i,, h).
Hence w,(f,) certainly has a lifting,
N
(4.12) ¥p(x) = Ry, (pIX) = Y @i, i,& (X)) &, (x),

it yoesip=1
which is a p-form on %(R,) which may be regarded as everywhere defined.

Lemma 4.3. Let f, € L2(R%) be given by the finite expansion (4.3) and let the
associated p-form ¥, = R[y,(f,)] be given on &(R,) by (4.12). Then s-a.s.

[p/2]
(4.13) ¥, = Ry, ()] = Y 0% Cp gy (T* £).

k=0
Proof. We proceed by induction on p. The case p = 1 is trivial and the case
p = 2 is easily obtained from Lemma 4.2. We now assume that (4.13) holds
for all integers less than p and examine the pth case. The kK =0 term in the
third expression in (4.7) is just ¥, . Thus we can write

p/2]
¥y =I3(fp)+ Y (-1)"e? Gy,

v=1

(4.14) Y (Z ai,,i,,...,i,,,i.,,iz,,,,l,...,ip) Cigyur &,
’1‘~~~‘iu

Dygl s ip

[p/2]
=I(fh)+ Z(—l)u+lazucp,u { Z Ciryat voeripGing sy * 7 'éip}

v=1 igy41 5 e s dp
where
Ciggy1suriy = E 27T TR S W T A
i|a~~)il/

Now we can finish the proof by applying the induction hypothesis to the inner
sum in the last expression in (4.14) since v > 1. In the process, one makes
use of the equality 1/k! = Y(—1)*!/v!r! where the sum is over {(v,r) €
{1,...,k}x{0,...,k}: v+r=k}. The equality comes from applying the
Binomial Theorem to (—1+4 1)k. O

5. LIFTINGS OF p-FORMS AND WIENER-ITO INTEGRALS

Let f, € L}(R%). We show in the theorem below that the p-form y, =
¥p(fp) on L%(R,) associated with f, (see (4.2)) has a scaled . 2-lifting R[y,]
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if and only if frk Jp existsfor k =0, 1, ..., [p/2]. Further, in this case, R[y,]
is given by a p-form on Wiener space or, alternately, by a finite sum of multiple
Wiener-Ito integrals. This result is the key to §§5-8. Our proof that the trace
conditions are necessary as well as sufficient for the existence of the lifting is
tied in with the nature of the limiting k-trace.

Not only will the theorem below allow us to give in subsequent sections
a solution to the problem which originally motivated our research, but it is
potentially a useful result in connection with white noise calculus [13] where
p-forms play a role analogous to that played by pth homogeneous chaos in
Wiener calculus.

Theorem 5.1. Let f, € L2(R}) and let y, = w,(f,) be the associated p-form
on H=L*R,).

v, (fp) has a scaled Z?-lifting Rly,] if and only if ’frk fp exists for k =
0,1,...,[p/2). In this case, s-a.s. (that is, for every ¢ > 0, P;-a.s. on ;)
we have

o0
Ry,= > a8 &,
iy ip=1
/2] .
=Y 6% Cy ISy (Tr fp)
k=0

where the second expression in (5.1) is to be interpreted on each Q, as the limit
in the space L*(Q,, P,) of the sequence

N

Z ai,,..i,8i &

iy ip=1

Remark 5.1. The third expression in (5.1) has the advantage that it is coordinate
free but the disadvantage that it must be changed with each change in ¢. The
lifting Ry, is, of course, scale-invariant measurable as well as s-a.s. defined.

Proof of Theorem 5.1. We begin with considerations which are relevant to both
directions of the proof. Let {IIy} be a sequence from £, the class of or-
thogonal projections with finite-dimensional range, such that Ily 1 I strongly
and dim(IIyH) = dy. We can then obtain a CONS (¢;) in H such that
{¢i:i=1,...,dy} isaCONSin IIyH, N =1,2,.... It suffices to con-
sider the case where dy = N. Of course, f, has an expansion with respect to
the CONS (¢;, ® ---® ¢;,) for L*(RF),

oo

(5.2) =Y ai..,0,0 08,

ity ip=1

Now

oo

(5.3) Wp(h)=(f1‘7’h®p)=. Do i (Gis B (¢i,, h),

Iy, .. ,ip—
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and so
wp o y(h) = yp(Tiyh) = Y (i, Twh) -+ + (¢, , Tyh)
ity ey ip=1
= Y a,..;,Mxgi, k). (Ingi, , h)
(5.4) iy ey ip=1
N
Z ail ,...,ip(¢i| ’ ) ..... (¢1p ) h)
ity ip=1
= (Y, h®P),

where £,Y(fY ,,, more fully) satisfies

N
(5.5) = Z aiy,...i,0i, ® - ® P,
ity ip=1
It is easy to see from (5.4) how to lift the cylinder function y, o my:
N
(5.6) R(yp oIly) = Z aiy,oiGi 0 G,

ity ip=1

where &;(x) = I1(¢:)(x).
Applying Lemma 4.3 we see from (5.6) that for every g > 0, P,-a.s. on Q,,
[p/2]
(5.7) R(ypolly) = 3 0% Cy k9 (T fV).
k=0

Lk
Now suppose that Tr f, exists for k = 0,1,...,[p/2]. Let ¢ > 0 be
given. It suffices to show that for any sequence ny 1 I as above,

/2] 2

(5.8) R(w, oTly) — ZU Cp k9 y ( Tr %) -0

LY(Q,, Py)

as N — oo. However, using (5.7) and properties of multiple Wiener-It6 inte-
grals (see (2.1)), we can write

2

[p/2]
R(yp oTly) = Y 6%C, k15 2k(Tr 5)

k=0 L2(Q,, Py)

(/2] < I

(5.9) 3 0% Cp kIl (T £V Tt fy)
=0 L2(Qq, Py)
(p/2)
= 3 (6% C, 1)Hp - 2k) (0P R T £V — T ol g2
k=0

.. = k
but this last expression converges to 0 as N — oo by definition of Tr f,,

k=0,1,...,[p/2].




522 G. W. JOHNSON AND G. KALLIANPUR

We now know that y, has a scaled Z?-lifting Ry, that is equal to the
third expression in (5.1). Checking (5.6), we see that for every ¢ > 0 all three
functions in (5.1) are equal P;-a.s. on Q.

= k
It remains to show that if ,(f,) has a scaled .#?-lifting, then Tr f, exists
for k=0,1,...,[p/2]. In fact, we will show that if there exists ¢ > 0 such

-k
that y,(f,) has a ¢ — Z2-lifting, then Tr f, exists for k=0, 1, ..., [p/2].
Let (a;) be an arbitrary CONS for H = L%(R,) and let I1y be the orthog-
onal projection onto sp[a;, ..., ay]. By assumption, we have

(5.10) Ep[R(y,olly) — Ry,)> - 0 as N — .

It follows that

(5.11) Ep[R(¥polly) — R(y, olIx)2 -0 as N, N' — co.
But by Lemma 4.3 and (5.5)-(5.7),

[p/2)
(5.12) R(Wp o Tly) = R(yp o Twe) = > 6% Cp e Ig o (Tr £ oy = T V)
k=0

where

M
(5.13) Man= Y (0,8 ®a,)a;® - Ba,.

ity ip=1
Using properties of multiple Wiener-It6 integrals (see (2.1)), we have

Ep,[R(yp o TIy) = R(yp o Iy

(5.14) & 2k 2 N N' 12
= 2 (G k(P = 2T f 0y = T f -
k=0

From (5.14) and (5.11), we see that
(5.15) ITH* Ny~ T [N B =0 as N, N' — oo

for k =0,1,...,[p/2]. Because of the completeness of LZ(Ri'Z") , (5.15)
shows that, for every CONS (o;), Tr* j;,N (a) CODVerges to an element of

Lz(Rﬂ‘Zk) . We still need to show that this limit is independent of the CONS
(o).

Let (B;) be any other CONS for H . It suffices to show that
(5.16) ITE £ oy = T ¥ g2 > 0 as N — oo,

However,

R(yp oIy (a,)) — R(¥p o Ty (5,))

(5.17) R ke o Tk N Tk o
= Z g Cp,klp_Zk(T f‘;,(a,') -T .f;;,(ﬂ,)) ’
k=0
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and so
p/2}
Za” K0 = 2 TR AN = T AN I3

(5.18) /2]
= Ep, | Y 0 Cp AT s (T Y 0y = T £V )
k=0

= Ep,[R(¥p o IIw (o)) = R(Wp o Ty ().
But the last expression in (5.18) goesto 0 as N — oo since
Ep,[R(Wp oMy (o)) — R(¥p))* and Ep,[R(wp oIy (g,)) — R(¥p))?

both go to 0 as N — oo. It now follows from (5.18) that (5.16) holds for
k=0,1,...,[p/2] as desired.

Hence, forevery k =0, 1, ..., [p/2], there exists g,_y in Lz(R_’ka) such
that for every CONS («;) for H,
(5.19) ITH £Y o) = 8p-2kll2 = 0 as N — oo.

- k . .
Therefore Tr f, exists as we wished to show. O

Next we present some simple consequences of Theorem 5.1. (Much of the
rest of this paper will give further consequences of this theorem.) The first
corollary was already noted and established in the proof above but it seems
worth stating formally.

Corollary 5.1. Let f, € L3(R}) and let y, = w,(f,) be the associated p-form
on H = L*(R,). If there exists ¢ > O such that y, has a ¢ — Z?*-lifting, then

Lk

Tr f, exists for k =0,1,...,[p/2]. In particular, if y, has an Z?-lifting
y’

with respect to the standard Wiener measure P = Py, then Tr f, exists for

k=0,1,...,[p/2].

Corollary 5.2. Let f, and y, be asin Corollary 5.1. Then y, has a scaled #?-
lifting if and only if there exists ¢ > 0 such that y, has a o — Z?-lifting. In
particular, if w, has an *-lifting with respect to the standard Wiener measure
P =Py, then y, has a scaled L*-lifting.

Remark 5.2. Comparing the first two expressions in (5.1) with (5.3), one sees
that the series

Z aiy .. iyCi &y
ity ip=1
(5.20) y
=A;g20 E a, .. lpén é,

lifts y;, in a natural way.

Corollary 5.3. Let f, and f, be in LL(RR) with associated p-forms y, and
W, , respectively. Suppose further that there exists oy > 0 such that R(y,) and
R(y,) both exist in the o — Z? sense (and hence in the scaled- £?* sense).
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Then, for every o >0,

IR(¥p) — R(W 320, )

(5.21) p/2) - ) Lk Sk
= kZ(a Cp )2 (p = 2NTE fy = Tr flI7, gro-nsy-
=0

In particular, if f, and f;”), n=1,2,..., all belong to LX(R%) and if
Vp, WIS”), n=1,2,... are the associated p-forms all of which possess scaled
Pliftings R(w,), R(w{"), n=1,2, ..., then

(5.22) |R(w,) — R(W;">)||§2(QMPU) -0 asn— oo

for every a > 0 if and only if
Sk ) ok
|ITr " - Tr Joll g2y = 0 asn— oo

foreach k=0,1,...,[p/2].

Proof. This follows easily from (5.1) and properties of multiple Wiener-It6
integrals. O

Remark 5.3. Often, in order to work with functions on white noise space, that
is on the canonical Hilbert space, (H, #, 1), one must lift them to an associ-
ated countably additive representation space. It is sometimes possible to work
directly in the Hilbert space. Corollary 5.3 allows us to do that for p-forms
on H = L?(R%); the L?(Co(R.), P,)-distance from R(y,) to R(y,) can be
calculated within the Hilbert space.

6. WIENER-ITO INTEGRALS IN TERMS OF LIFTED P-FORMS

The theorem of this section will show how to write the multiple Wiener-Ito
integral I7(f,) as a finite sum of lifted (p — 2k)-forms, k =0, 1, ..., [p/2].
The o =1 case of this result will lead us in the next section to our definition of
the natural extension N[[,(f,)] of I,(f,). At this point the reader may wish
to review Definition 3.3 and Propositions 3.4 and 3.5.

Theorem 6.1. Let f, € LX(R%) and let y, = y,(f,) be the associated p-form
on H = L*(R,). Assume that f, has all its first and second order traces and
that they are consistent.

Then for every a >0, Ps-a.s. on Q,,

[p/2]
12 = 3 (~D)ka®C,  RYp (T fp)]
k=0
[p/2] o0
(6.1) = kZ:,)(—Dka”‘Cp.k >

k15005 bp=1

oo
: E Qjy it sk dk s iaat soendp | Shaigy 0 Sip

J1sees k=1
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where R[y,_ 2k(frk fp)] is the lifting of the (p — 2k)-form w,_y associated

with the function T S in LZ(IR{" 26y and where (¢;) is a CONS for L*(R,),
Jo =30 =1 i ip®i ® - ® By, & =11(4:), and the sum over the i’s in
the third expression in (6.1) is interpreted on each Q, as the limit in the space

L%(Q, , P,) of the sequence

N 00
Z Z LTI [ PN PO ST §i2k+l """ éip'
=1 \J

[kl e s Ip= 1 s Ji=1

Proof. We begin by establishing the first equality in (6.1). Our assumptions
assure us, by Theorem 5.1, that the second expression in (6.1) makes sense

and that formula (5.1) can be applied to each function R[y,_x (frk fp)] in
the second expression in (6.1). Our first equality below is obtained by doing
this and using the consistency of the first and second order traces. The second
equality comes simply from splitting off the £k = 0, v = 0 term and the third
equality from doing the remaining sum in a different order. Finally, the fourth
equality comes from the Binomial Theorem;

O=[1+(-DI=r Z k'u"

k+v=r
We now carry out the steps which were just commented on above:

lp/2]

Lk
Z(_l)kazkcp,kR['//p—zk(Tr )]
k=0
—2k
_R cnpatp & -2k (T f,)
B prs (p — 2k)12kk! rd (p — 2k — 2v)12v ! p—2k—2v b
—2k
(6.2) lp/21[&5+1] (= 1) plo20kes) "
fp)+ kz;) Z(:) (p -2k -2v) l2k+ule|Ip 2k— 21/( r f;))
(k,v)#(0,0)
W plo¥ (1)
fl; +Z p 2r |2r{ Z k'l/' } p— 2,(T f;,)
k+v=r
=I7(fp)
as claimed.

It remains to establish the second equality in (6.1). By Proposition 3.3,

frkﬁ, = i

Dohy1 s fp=1

(6.3) N
: Z Ajy s jyss dics s ikt »ons ip Die, ® -+ ® ¢ip
J

1y ey Ji=1
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so that

Sk
Yoa(Tr f)R) = >
(6.4) o
* Z Qi iy s Jhos Jis Bakg s e s dp

Jrsensjk=1
(Bige, s h) oot (¢, , h)

and so by Theorem 5.1,

(6.5)

Rvy-%(Tr f)l= Y

ksl sy ip=1

oo
* § : Qjy iy s Jk s Bakat s eee s dp §i2k+l """ é"}:' g

Jis s k=1

7. THE NATURAL EXTENSION OF A WIENER-ITO INTEGRAL

The case ¢ = 1 of Theorem 6.1 and the idea that the natural extension
should preserve polynomials in the ¢&;’s immediately suggests how to define

N (fp)]-
Definition 7.1. The natural extension of I,(f,) is defined by

[p/2] [p/2]
- k
NIL()] =Y (=DFCy 4RIV (Tr fp)] = Y (=1)¥C, &
k=0 k=0
(7.1) N o
z ( Z Ajy s jrses s ks iaint ww'b) Ciggwr "7 éip'
i2k+| ,‘..,l'p=l j],...,jk=l

The next theorem gives us conditions under which Definition 7.1 makes sense.

Theorem 7.1. Let f, € L2(R}) and let w, = y,(f,) be the associated p-form
on H = L*(R,). Assume that f, has all its first and second order traces and
that they are consistent.

Then the last two expressions in formula (7.1) are defined and agree s-a.s.
and are scale-invariant measurable.

Proof. Apply Theorem 5.1 and Proposition 3.3 to each of the (p — 2k)-forms
- k
Wp—Zk(Tr f;l), k=0: 1) ey [p/2]' O
Next we give a theorem which will express the restriction of N[I,(f,)] to Qg

"
as a sum of multiple Wiener-Ito integrals Ig_Zk(Tr fo), k=0,1,...,[p/2].
This theorem will be the basis of our calculation in the next section of the
analytic Feynman integral of N[I,(f,)].

Theorem 7.2. Let f, € L2(R}) and let y, = y,(f,) be the associated p-form
on H = L*(R,). Assume that f, has all its first and second order traces and
that they are consistent.
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Then, for any a >0, we have Pj-a.s. on Q,,

lp/2]
(7.2) NIL(f)] =Y (6% = DXC, 4 I7 zk(Tr Jo)-
k=0
Proof. Proposition 3.4 allows us to apply Theorem 6.1 to the right-hand side
of (7.2); this yields the first equality below. The third equality comes from
reordering the sum and the fourth from applying the Binomial Theorem to
(=1)" =[(6% = 1)+ (—0?)]" . Finally the last equality comes from Definition 7.1
and Theorem 7.1.
(2/2]
Z(a — 1k 2,((Tr )

w2y ok [ »
pl(o® - 1) (p —2k)(-1)0 = k4
=k§_: (p—2k)!2’<k!{ Z_;, (0 = 2k — 2)2vot "¥p-2k-2u (T f””}

[p/ZJ[LZ_] p 02_1)( l) 0.21/

- k+v
(73) B k=0 v=0 (p— 2k - 2y)'2k+vkty| [Wp 2k—2(Tr fp)]

[p/2) o2 (g2 y
D R

r=0
/2] .,
=Y (=1)"Cp,rRIYp—2r(TT fp)]

r=0
= NlIp(fp)]

as desired. O

Remark 7.1. Formula (7.2) is closely related to (8) in [5], a key formula in the
paper of Hu and Meyer. However, in [5], the right-hand side of (7.2) is their
“suggested definition” of the natural extension of I,(f,) to Q,. Hu and Meyer
do not have one formula (like our (7.1)) which extends I,(f,) to Q, for all
o > 0. Their “suggested definition” has become a theorem in our development.
Further, our Definition 7.1 reflects in a rather transparent way the desire to
extend I,(f,) so as to preserve polynomials in the &;’s

Next we give a simple example which will illustrate our formulas and help
to clarify the idea of the natural extension and the concept of functions equal
s-as. Let ¢ := xp0,1) so that f; := ¢ ® ¢ belongs to L2(R2). We introduce
a function G: %(R,) — R which is everywhere defined and continuous and
with which we will compare two different extensions of I,(f;): Q; — R. Let
G(x) :=x*(1)-1.

Using the third expression in (6.1) (or (4.7), the corresponding formula for
finite expansions) with 6 =1, p=2, k=0, 1, we see that P;-a.s. on Q;,

LH)(x) =& (x) - 1=

2
o(x) dx(s)] -1
R,

| 2
= [/ dx(s)} —1=x%1)-1
0

where & = I,(¢). Hence I,(f;) =G Pj-a.s. on Q.

—
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By (7.1), N[I(f;)] = &% - 1. In particular, for every ¢ >0, Pj-a.s. on Q,
NL(f2)(0x) =& ox) -1 =a?E*(x) - 1 = g?x*(1) - L.

We can also obtain the formula just above by using (7.2) of Theorem 7.2: For
every g >0, Pj-a.s. on Q,

NIL(A))(0x) = Cy o2 (T )(0x) + (62 — 1)Co IS (TE f3)(x)

o1
=I5(f)(ox) + (6° - DVTr fr = > L(H)(x) + (6* - 1)
=o[E3(x) - 1]+ 02— 1 = a22(x) - 1 = a2x*(1) - 1.
Note that N[I;(f;)]=G s-as.

In contrast, we define the extension F of I (f;) to |U,.0Qs by F(ox) =
I{(f2)(ox). Now Pj-as. on Q;, F(ox) = a2L(f)(x) = ¢?[&3(x) - 1] =
o%x%(1) - o2.

Summarizing the above: N[[2(f;)] = G s-as. and N[L(f;)]=G=F P;-
a.s. However, for every g # 1, it is not true that F = G P,-a.s., and, in
fact,

Pe{y €Qo: F(y) # G(¥)} = Pi{x € Qi: F(ox) # G(ox)} = 1
since G(ox) = a2x2(1) — 1 for every x € Q, whereas F(ox) = a2x%(1) — o2
Pi-a.s. on Q.
We finish this section by discussing briefly a generalization of the results
above. This generalization is related to a further formula of Hu and Meyer

[5). Let f, € L2(R%). We will define the natural extension N [1;(f»)] for any
7> 0. Again, Theorem 6.1 suggests how this should be done.

Definition 7.2. The natural extension of I;(f,) is defined by

(p/2]
~ k
NI =Y (=D*7*C, k RIWp— ok (TT )]
k=0
[p/2} oo
(7.4) = > (D *Cou )Y
k=0 i2k+l ,...,ip‘—‘l
o0
: Z A SO S A S AN K SMIPEELE Ciy-
J1ses Jk=1

Under the assumption that f, has all its first and second order traces and
they are consistent, we can show just as in Theorem 7.1 that Definition 7.2
makes sense. Next we ask for a formula extending (7.2).

Theorem 7.3. Under the assumption of Theorem 1.2, for any o > 0, we have
P,-as. on Q,;,

lp/2]
, -k
(71.5) NI =Y (62 = KC, ISy (TT fy).
k=0
Proof. The argument proceeds just as in the proof of Theorem 7.2 except that
here one applies the Binomial Theorem to

-1 = [(e* ~ ) + (=0?)). O
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8. THE FEYNMAN INTEGRAL OF THE NATURAL EXTENSION
OF A WIENER-ITO INTEGRAL

We are now able to solve the problem which we discussed at the beginning
of §1. The reader may wish to review that material.

Theorem 8.1. Let f, € L2(R%) and let y, = y,(f,) be the associated p-form
on H = L*(R,). Assume that f, has all its first and second order traces and
that they are consistent.

Then, for every a > 0, we have the formula
(8.1)

1 —(az_l)k’frk(f ) ifp =2k is even

L oNL(Gendnm = 2 U :

Hr,) P 0 ifp is odd.
Further, the analytic Feynman integral of the function N[I,(f,)]/p! is given by
the right-hand side of (8.1) with % = —i.

Proof. Formula (7.2) of Theorem 7.2 is the key to the proof. Fix ¢ > 0. The
steps below follow from a change of variables, an application of (7.2) and the
fact that, for p > 1,

a . L
/%(MI,,(J})(x)dPa(x)—o. [%(Mp!N[l,,(f,,)](ax)dpl(x)

= [ N ()
%(R,) P!
1 [p/2] (

- (a2 = 1ypt / o, (Te £,)(x)dPs (x)
T (- w)2! Jgym,) P P ‘

2k k!

2_ koL
{ (@ -1 Trkfz,( if p = 2k is even,
0 if p is odd.

which is the desired formula. 0O

Remark 8.1. 1t is natural to investigate the class of functions f which possess
a Feynman integral in the sense of [5] and, in particular, to ask if various
functions of interest in quantum mechanics fall in this class. Such matters are
discussed to some extent in [5] and are of interest to the authors but they have
not been our concern in this paper.

We finish this section by stating a result like Theorem 8.1 except that it
involves the natural extension of I;(f,) rather than N[I,(f,)].

Theorem 8.2. Let the assumptions of Theorem 8.1 be satisfied and let T > 0 be
given. Then, for every o > 0, we have the formula

(a2 — Tz)k’f}k(fk)
Tokgr T V2
&2 /fgm )%Nllﬁ(ﬁ:)](ax) aP(x) =4 2

if p =2k is even,
0 ifpisodd.

Proof. The proof is the same as the proof of Theorem 8.1 except that formula
(7.5) is used instead of (7.2). O
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Remark 8.2. If we analytically continue the right-hand side of (8.2) to g2 = —i,
we obtain the analytic Feynman integral of N[I;(f,)]/p!.

9. FURTHER RESULTS ON Kk-TRACES

.. N = k .
We concentrated our attention in §3 on the limiting k-trace, Tr f,, since our
principal results on the lifting of p-forms, the existence of the natural extension

of I,(f,), etc. all heavily involve Tt f» where f, € L2(R%). A further k-trace,
Tr* fp , was defined (see Definition 3.1) and played an important but subsidiary
role. In this section we will give two more definitions of k-trace, the iterated
k-trace, Trs f, and the tensorial k-trace, Trf f,. It is the iterated k-trace
which appears in the paper of Hu and Meyer [5]. The tensorial k-trace also
seems to be a natural object of study. In particular, it will help us to understand
some of the relationships between the other three k-traces. Itis Tr* f, which is
associated in the most straightforward way with the familiar concept of a trace
class operator. This is discussed in some detail in [8, §2] and in [17] and we will
not go into it here. Most of the results of this section, in addition to being of
interest in their own right, either lead to or provide sufficient conditions under
which the hypotheses of earlier theorems are satisfied. Indeed, the limiting
k-trace is explicitly involved starting with Theorem 9.2.

Before beginning formally, we mention a few of the results of this section. It
is an immediate consequence of the definitions, as we will see below, that the
existence of Tr* Jp implies the existence of Trf‘ f» and equality. Among other

results of this section, we will show that the existence of Tr¥ f, implies the exis-

tence of Tr' f, and equality. Further, we show that if all of Tr} f,, ..., Tt/ f,
exist, then all of Tr,! fp, ..., Tr{ f, exist and equality holds. Finally, we show
that if there exists a CONS (¢;) for L?(R,) such that the coeffcients in the
expansion of f, in terms of the CONS (¢;, ®---®¢;,) for Lz(Ri) are in /;,
then all four k-traces exist and are equal.
We begin with the definition of the tensorial k-trace.

Definition 9.1. Let f, € L2(R%). We take Tr? f, = f, and, for 1 <k <[p/2],
we say that Trf fp exists and equals h € LSZ(R{’[”‘ ) if and only if for any k
CONS (¢f.ll)) yeees (d)f.f)) for L?(R,) and for any enumeration e, e;, ... of

the tensorial CONS (¢(~])®---®¢f~f)) for L2(RK),

I

0o
Z/Rk kap(sl,...,sk,sk+|,...,52k; ‘‘‘‘ )Ej(Sj,...,Sk)
j=1 xRy

(9.1)
*€i(Ska1s v s Sop)dSy - dspdsyyy - dsy = h(v),

where the series on the left-hand side of (9.1) converges to 4 in the norm of
LY(RE).

The first proposition follows immediately from Definitions 3.1 and 9.1. We
state it formally for ease of reference.
Proposition 9.1. The existence of Tr* fp implies the existence of TIJ,‘ Jfp and
equality. Also Tr' f, exists if and only if Tr, f, exists.

Our next proposition assures us that when Trf‘ Jp exists, it can be expressed
either as a multiple series or as an iterated series. This is not especially difficult
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to prove using known results, but, since much of the rest of this section depends
on it, we will give some details of the proof.
Proposition 9.2. Let f, € LX(R%) and let 1 <k < [p/2). If Tr¥ f, exists and if
(d)f.')), cees (¢Ek)) areany k CONS for L2(R,), then Tr\ f, can be expressed
as the multiple series,

Tfkfp— Z / f[‘)(sl s Skos Skals oo s S2ks> s eens ‘)¢E:)(Sl)¢£:)(52)
(92) Iy g =1

s ¢§~f)(szk—1)¢f-:)(32k)d51 cdsgdsgyy o dsy,

or as an iterated series where the iteration can be done in whatever order is
desired; for example

. ()
03 ij‘fp_lkzl Z/ fp(sl,...,sk,sk+,,...,s2k, e (1) (s2)
----- 0 (52— )8 (sa¢) s -+~ sy -~ dspi
The series in (9.2) and (9.3) converge to Tr¥ f, in the sense of the norm on
LA(R).

Proof. Take any tensorial CONS as described in Definition 9.1 and enumerate
it; Trf fp is given by (9.1). Since any permutation of a CONS is again a CONS,
we see that the series (9.1) converges unconditionally. By Proposition 1.C.1, p.
15 in [16], for every ¢ > 0 there exists an integer N so that for every ﬁmte set
of integers F which satisfies min{j € F} > N we have

DX

JEF

<e,
L2(R7™%)
where X; is the jth term of the series (9.1). It is not hard to see that this
is equivalent to the Cauchy condition for what is sometimes called “unordered
summation”: For every ¢ > 0 there exists a finite subset F; of the (in this case

countable) index set such that for every finite subset F of the index set which
is disjoint from F; we have

DX

JEF

< E&.
LA(R,7)
This tells us that any ordering which one may have on the index set is essentially
irrelevant and the limit is the limit of a net where the associated directed set
9 is the collection of all finite subsets of the index set where F, follows F; if
and only if F, D F;. Now the collection of all sets of the form

{1, ..., M}x{l,..., o} x---x{1,..., N}

is a cofinal subset [15, p. 66] of the directed set & and so Trf fp 1s the limit
as N1 —>oo, ..., Ny — oo of the sums

Z /k i Sl,...,Sk,Sk.H,...,SZk,',...,')
R xR}

[T s |

LD (s1)88(52) -+ ) (sasem ) (s2) sy -+ dsid sy - dsyc
that is, (9.2) holds.
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Now part (a) of [15, 6.S, p. 214] tells us that a function which has an un-
ordered sum over a certain index set will also have an unordered sum over any
subset of that index set. Using this and (c) of [15, 6.S, p. 214] which deals with

iterated sums we see that Tr’ £, can be written as an iterated sum in any order
and, in particular, that (9.3) holds. O

Corollary 9.1. If Tr* f, exists and (6"), ..., (¢*)) are CONSs for L*(R,) as
in Proposition 9.2, then Tr* f, is given by both of (9.2) and (9.3).
Proof. This follows immediately from Propositions 9.1 and 9.2. O

Next we give the definition of the iterated k-trace, Tr% f, .

Definition 9.2. Let f, € L2(R?). We take Tr) f, = f, and we let Tr} f, :=
Tr' f, provided that Tr' f, exists. When Tr' f, exists, it belongs to L3(R%7)
and we may attempt to take its 1-trace, Tr'(Tr' S If Tr!(Tr! fp) exists,
we let Tr? f, := Tr'(Tr' £,). This procedure is continued inductively and for
1<k<[p/2,

(9.4) Trf fp i= TeN (T (- (T (T ) - +)

provided that all k 1-traces involved exist.

The next proposition follows immediately from the iterative nature of Trf-c -
Proposition 9.3. Let f, € LX(R%) and suppose that Tr; f, exists where 1 <r <
[p/2]. Then

(1) Tr{ffp exists forall 1 <k <r.

() If 0< k +v <r, then Tt* f,, TYY(Tr¥ £,) and To** f, all exist and

9.5) Tef™ f, = Te (Tef fp).

We do not know if the existence of the tensorial k-trace implies the existence
of the iterated k-trace, but our next result assures us that if Tt} f,, ..., Tt} f,
all exist, then Tr; f,, ..., Tr} f, all exist.

Theorem 9.1. Let f, € LX(R%) and suppose that Tt f,, ..., Tt} f, all exist
where 1 < v <[p/2]. Then Tr,‘- Jos oo, Tr} fp all exist and
(9.6) T f, =TV f,,  k=1,...,v.

Proof. Tr! f, is exactly the same object as Tr; f, and so there is nothing to
prove if v = 1. Suppose that Tr} f, and Tr? f, exist. Then Tr} f, exists and
we must show that Tr? f, exists and equals Tr? f,. Let any two CONs (¢$1))
and (¢f.2)) for L?(R,) be given. Also let ¢ > 0 be given. Since Trf Jp exists
there are, by Proposition 9.2, integers N; and N, such that if n; > N; and
ny > N, then

ny,ny

Z / fp(S],...,S4,',...,°)

i 2 2
i, =1 R; xR5

(9.7)

. ¢5'1)(s1)¢$3)(s2)¢5'22)(53)¢$‘22)(54) dsy---dsq — Trt2 Jo <e.

LYR,™*)
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Alternately, we can write,
(9.8)

ny n l
.z /RXR Z/R R Fo(S1s e Say ey eyt )¢( ’(s.)qs( (s)) ds; dsy

12=| l]=1

< E.
L2RP™4)

© 02 (53)82 (s4) dss ds4} - T fy

Fix n, > N,. Now since Tr} f, exists,

ny

09 % /R s, I8 (0] () dsi dsy — T f,

=1

in LZ(R’i‘z) norm as n; — oo. Hence the sequence of integral operators
whose kernels are given by the left-hand side of (9.9) converges in Hilbert-
Schmidt norm to the integral operator with kernel Tr; f,. (We think of these
operators as acting on L?(R2) and, in this case, as having range in L*(R2™*).)
Thus these operators converge in operator norm and so in the strong operator
topology. Therefore

ny ny
AL X[ hsss)
; Ry xRy | ;77 /Ry xRy

12=l Ul

(9.10) o (s1)¢8) (52) dsy dsz} 812 (53)8L2 (s4) ds3 d84}

— Z {/R+XR+ Tr,! Jo)(s3, 84, %, ... )¢(2 (s;)q& (54)(153(154}

in L2(R%™ *) norm as n; — co. Now (9.10) allows us to take the limit as
n; — oo in (9.8) and we obtain

ny

S T B s

=1

(9.11)
<e.

- B\ (53)8 (s4) ds ds4} ~-Tr? f,

LAR}™Y
It follows that Tr? f, exists and equals Tr? f, as desired. We continue in-
ductively like this to get the result. O

Our next result is an immediate corollary of the preceding theorem and
Proposition 9.1. Corollary 9.8 below will give additional information under
the same assumptions.

Corollary 9.2. Let f, € L2(R2) and suppose that Tr' f,, ..., Tt" f, all exist
where 1 <v < [p/2]. Then Tt} f,, ..., Tt f, and Tt} f,, ..., Tt’ f, all exist
and for k=1, ..., v we have

(9.12) T f, = Trf f, = TrX f,.

Next we define “second order tensorial traces.” The definition follows the
pattern for second order limiting traces (see Definition 3.3).
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Definition 9.3. Let f, € LX(R?). If Tr’ f, exists for k=0, 1, ..., [p/2], we
say that f, has all of its first order traces. Whenever Tr' f, exists, it belongs
to Lsz(Rﬂ‘zk) ,and, for v =0, 1, ..., [(p — 2k)/2], it may possess a v-trace,
Tr;’[Trﬁ‘j},]. If all of these traces exist, k =0, 1,...,[p/2land v =0,1, ...,
[(p—2k)/2], we say that f, has all of its second order tensorial traces. The sec-
ond order traces are said to be consistent with the first order traces provided
that Tr/[Tr f,] = TPF* f, for k = 0,1,...,[p/2] and v = 0, 1,...,
[(p — 2k)/2].

Remarks 9.1. (i) One may consider third and higher order tensorial traces. How-
ever, it is easily shown, just as with limiting traces in Proposition 3.4, that if f,
has all of its first and second order tensorial traces, then the third order tensorial
traces of f, also exist and are consistent.

(ii) Everything said in Definition 9.3 and in part (i) of this remark can be
repeated with the tensorial traces Tr* f, replaced by Tr* f, .

Our second corollary of Theorem 9.1 tells us that if f, has all of its first and
second order tensorial traces, then they will necessarily be consistent.

Corollary 9.3. Let f, € L2(R%) and suppose tht f, has all of its first and second
order tensorial traces. Then for nonnegative integers k and v such that 0 <
k+v<[p/2],

(9.13) Tr [T f,] = Tk .

Proof. By Theorem 9.1, all the first and second order iterated traces exist and
equal the corresponding tensorial traces. Applying this fact and formula (9.5),
we obtain (9.13) as follows:

Tr/[Trf fy] = TY[Tef f] = T f, = T f,. O

Since the existence of Tr* f, implies the existence of Trf f, and equality,
Corollary 9.3 immediately yields the following result.

Corollary 9.4. Let f, € L2(R) and suppose that f, has all of its first and second
order traces. Then for nonnegative integers k and v such that 0 < k +v <

/2],

(9.14) Tr [T f,] = TIF .

Proposition 9.4. Let f, € L2(Rf) andlet 1 < k < [p/2]. Given any CONS (¢;)
for LX(Ry), let

[e o)

(9.15) f= Y a...,0,0 -9,

it sy ip=1

be the usual expansion of f, in terms of the CONS (¢;, ®---® ¢;,) for LZ(RE).

Suppose that Trf fp exists.
Then for every iy, ..., ip,

oo

(9.16) > @ gty <005

Jisees k=1
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and
2
oo oo
(9.17) Z Z ajl7jlv~-~rjk’jkvi2k+l)--~’ip < oo.
inkat o dp=1 Ui+ s Ji=1
Further, we have the formula
o0
Trifo= X
0.1 It s ip=1
(9.18) N
Z Ajy oy sees i s Jk s kst s en Bp Diy, ® - ® ¢i,,.
Jtseer k=1

Proof. Using Proposicion 9.2 and then (9.15) we can write

Tl‘kfp— Z /kank (St v Sk S2eat s -+ > Sp)Bjy (51)9, (52) * - -

S Jk=1
(9 19) : ¢jk (s2k—l)¢jk(32k)dsl ..... dSZk
) Z /Rk R [ ail‘m’ip(ﬁil ®“.®¢"P ¢jl (sl)¢j| ($2) -+
e di=0 TR Ly =1

: ¢jk (SZk—l)¢jk (SZk) dS| e ds2k

where the sum over the j’s converges unconditionally (i.e., as an unordered
sum). Now the inner sum in the third expression in (9.19) converges in L2(R?)-
norm and so the integral operators associated with the partial sums converge
in Hilbert-Schmidt norm to the integral operator associated with f, and so
certainly converge in operator norm and hence in the strong operator topology.
Thus we can write

(9.20)
™= Y Z Lo @iy 51085, 5106 (52005, 52)
s Ji=1 L ip=17 Ry XRY
* Py, (S2—1)9), (S2k—1)Piy (S24)8 ), (26 )Diy,, B -+ ® By sy “'dSZk}
= Z { Z ail . ) (¢i| 5 ¢j| )(¢i2 ’ ¢j|) S
Jtrnig=1 Litvorip=1
(Pige_y» D) Bigy s D)) * iy, ® - ® ¢i,,}
= Z { Z Qjy iy s i sk s okt s ip Piggeny © ~~~®¢>,-p}.
Jtrdk=1 Uikt s rip=1

Since norm convergence implies weak convergence we see from (9.20) that
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i

for any (temporarily fixed) &, ,, ..., i,

k
(T fos @iy, ® - ® Dis) 3 go-24)

o0 [o ]
Z Z Ay Juses i dis kst » - (¢lzk+| > d)lz,m)
Dkt

Jis s =1 ey ip=1
(9.21)
°°°°° (¢i,,,¢i;,)}
(e o)
= Z LTINS TR PN PN LY
Jisees Jk=1

Hence the last series in (9.21) converges; in fact, since the sum over the j’s in
(9.21) and therefore in (9.20) converges unconditionally, we see that the series
in (9.21) converges unconditionally and so absolutely for every &, ..., i,.
Inequality (9.16) now follows. Further (9.21) gives us the coefficients of the
expansion of Tr* £, in terms of the CONS (Bi,, ® - ® ;) for L2(RP~2)

Inequality (9.17) and equality (9.18) now follow immediately. O

The expansion (9.20) for Tr¥ £, will be useful to us further on and so we
state this result as a corollary of the proof of the preceding proposition.

Corollary 9.5. Let the hypotheses of Proposition 9.4 be satisfied. Then we have

(9-22) Tl’ff;, = Z { Z ajlvjl,.--,jk’jk»iZkH’~~~>ip¢i2k+l ®"'®¢ip}
Iok41

Jtser =1 erip=1

where the series in the j’s converges unconditionally in L*(RE™ 2Ky .

Recalling that the existence of Tr* f, implies the existence of TrX f,, we
immediately obtain the following corollary of Proposition 9.4 and Corollary
9.5.

Corollary 9.6. Let the hypotheses of Proposition 9.4 be satisfied except that we
assume the existence of Tr* f, rather than Tr* f,. Then the conclusions of
Proposition 9.4 and Corollary 9.5 hold where in formulas (9.18) and (9.22),
Tr¥ f, is replaced by Tr* f, .

Remark 9.2. Since the iterated 1-trace precisely coincides with the tensorial 1-
trace, Proposition 9.4 and Corollary 9.5 yield some information about Tr} o>
Tr? f,, ..., Tr¥ f, assuming that Tr* £, exists. As usual, let f, € L2(R?) and
let 1 <k <[p/2]. Further, given any CONS (¢;) for LZ(R,), let (9.15) be
the expansion of f, in terms of the CONS (¢;, ® ---® ¢;,) for L2(R}). If
Tr fp exists, then for every i3, ..., ip,

(923) Z Iajl s Ji »is’-~~>ip| < o0.

Ji=1
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Also
2

o0 oo

(9.24) Z Z Qji,jisisyensip < 00,
iy, ip=1 \yi=1

and we have the formulas

o0 oo

Tr} f, = Z Zajl,j,,i3,...,ip G, ® - ® ¢,

(9.25) i],...,ip= j|=l

oo
=Z z Ay i i,y Pi ® @By, |

=1 \is, ., ip=1

where the second expression in (9.25) is the expansion of Tr} Jp in terms of

the CONS (¢;, ® --- ® ¢;,) for LSZ(Rﬁ'Z) and where the third expression in

(9.25) is an unconditionally convergent series in j; in the space Lsz(Rﬂ"z) .
Now if Tr,2 fp exists, we begin with the orthogonal expansion,

oo
1
(9.26) Tif= Y. a4, ,$.0 8,
i3,y ip=1
where
1 oo
(9.27) a)) =3k,
Ji1=1

and apply Proposition 9.4 and Corollary 9.5 again. Doing this, we see that

— (
(9.28) Z Zajlyjlij»jZ’iS,m,ip = Z |aj2,j2,i5,,,,,ipl < oo,

J2=11j1=1 =1

for every is, ..., I, and that

2
o0 o0
Z Zaj.,j.,jz,jz,is,...,ip
isy s ip=1 | jo=1 \Ui=1
(9.29) ,
oo o0
_ (1)
- Z Zafz,jz,is,~~~,ip < oo.
is, ,ip=1 j2=l

Further, we have the expansion

oo

o0
Z Zajl:jl:j2:j2,[5y-nxip d’i5®"'®¢ip

is,...,lp=l _j2=l j1=1

E (1)
= Z Zajz,jz,is,...,ip ¢i5®"‘®¢ip
j L2=1

Il
M3

Tr,2 Jp
(9.30)
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where (9.30) is the orthogonal expansion of Tr7 f, in terms of the CONS (¢;,®
- ®¢;,) for Lf(Rﬁ“‘) . As the final part of the second stage, we have

J2=1 Uis,...,ip=1 \Ji=1

3 S (1
1
=z z afz,jz,is,...,ip¢is®"‘®¢i,, >
is,.

Tr?ﬁ’ = Z { Z (Eajlyjl,j2»j2vi5a-~-vip) bis ® "‘®¢i,,}

(9.31)

T

where the series in j, converges unconditionally in the space LZ(Ri‘4) .

The process can be continued inductively as long as the corresponding iterated
traces exist.

The limiting k-trace was the crucial one earlier in this paper, but we have

. . . . . . = k
had little to say about it so far in this section. We now begin to relate Tr f, to
the other k-traces. Our next result is the key.

Theorem 9.2. Let f, € LX(R?) and let 1 < k < [p/2]. If Tr* f, exists then
-ok
Tr f, exists and

(9.32) T fy = Ttk fp.
Proof. Let (¢;) be any CONS for L2(R,). Let

(9.33) =Y ai..,6,0®¢,

ity ip=1

In dealing with the limiting k-trace, we should begin, according to Definition
3.2, by considering the truncated series

N

(9.34) en= D @i,..,$,® 08,

if ) ip=1

By Proposition 3.1, Tr* N (¢, €Xists and is given by
(9.35)

N N
N — E E o S , . .
Trkf;r,(dn) = ( a./l»]lynw]kv]kv’lkﬂv~~-y’p) ¢’2k+l ®”'®¢1p'

Ipgst s s ip=1 \J1, oo, Ji=1

= k . .
In order to show that Tr f, exists and equals Tr* f,, it suffices to show that

(9.36) 1T £ 6y = TH ol gy = ©
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as N — oco. Now by Proposition 9.4 we know that

Dikgt s dp=1 \J1 5o, Ji=1

(9.37) Tl{( Jo= Z ( Z Qjijiseesics Jics ik ,...,i,,) Pirys ® -+ ® ¢ip

where, furthermore, the inequalities (9.16) and (9.17) hold. From the orthogo-
nal expansion (9.37), we see that as N — oo,

N 0o
> Y @ity | Pl
S ip= J1

15 ey k=1

®---®¢, —Trk f,|| —0.

In light of (9.35) and (9.38), to show (9.36) it suffices to show that

2
N
(9.39) Z ( Z ajlyjl’majk vjksi2k+l""’ip) - 0
(U

Dieat s s ip=1 \(j1, ..., jk)E(TK)E
N

as N — oo where Jy :={1, ..., N}. Further, to show (9.39) it clearly suffices
to show that as N — oo,

2
(9.40) Z ( Z ajl’jl"~~»jkvjk>i2k+l"-~’ip> - 0.
G

k1 5eees Ip=1 '1,...,jk)€(.,’s)f
Now given integers N and m and regarding N as fixed (for now), let
(9.41) AN m = T m\IEK.

Note that the sequence of sets {Ay n:m=1,2,...} is increasing and

(9.42) 5= 4An.m-
m=1

From these observations, from (9.16) and from Fatou’s Lemma, we see that
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2
o0
Z Z Qji s jiseees s Jis ket s dp
bkits s =1 \(ji, .., jk)E(TF)C
2
oo
= ‘ z "}1_120 ' Z Qjy i seesdicsdis iakat s s ip
Dkt s s Ip=1 (Jtsees JK)EAN m
2
o0
< lmgf Z ' E Ajy o jts s dis ds ikt o dp
Dkt s es Bp=1 \Ut, s JK)EAN m
oo
9 i)l S (T as
( ) = lmgf . ' ' A Ajy s Jtss s dkr bakat s dp
bgeat s p=1 \(1 s, JK)EAN , m
2
'¢i2k+1 @ ® ¢ip
oo
= II'E‘I_’IOEf . Z . Z LTI TR PN PO CPRRTIN
(Urses JKVEAN m \i2ka1 55 Ip=1
2

.¢i2k+l ®®¢’p

But the series in the j’s in (9.22) of Corollary 9.5 converges unconditionally in
L2(R?~%*) . From this we see that as m — oo

oo
Z ( z ail,1'1:~~»Jk,fkvi2k+|wwipd’izku ®"'®¢ip)

U153 JK)EAN m \i2k41 s> ip=1

oo
h 2 ( 2 ajl'j'"“’jk’jk’i2k+l"~~vip¢i2k+|®”'®¢ip)

Ut s s JVETE)E \i2kat 5o Bp=1

(9.44)

in the norm on Lz(Rﬂ_Zk) . Using (9.44) to calculate the limit (which equals
the limit infimum) in the last expression in (9.43), we obtain from (9.43)
(9.45)

2
)

Z Z LTI TR Py P TR 4

ket p=L \ (i, ji )€K
2

[o o]
Z ( Z Qjy ity di s iagt oo ip Py ®"'®¢ip) -0

(1 s s JKVETE)E Ni2ky 5o fp=1

IN

as N — oo

where the convergence to 0 in (9.45) can be seen by turning again to the series
in (9.22) and noting that it converges unconditionally in the j’s in the norm

on Lz(Ri'Zk) . This establishes (9.40) and completes the proof. O
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Our first corollary follows immediately from Theorem 9.2 and Proposition
9.1.

Corollary 9.7. Let f, € L2(R%) and let 1 < k < [p/2]. If Tr* f, exists, then
Trf f, and T f» both exist and

- k
(9.46) Tr f, =Trk f, = Tr* .
Applying Theorem 9.1 and Corollary 9.2 as well as Theorem 9.2, we obtain
our next corollary.
Corollary 9.8. Let f, € LX(R%) and suppose that Tt} f,, ..., Tt’ f, all exist

where 1 < v < [p/2]. Then all of Tr} f,, ..., Tt f, and frlﬁ,, ,fryj;,
exist and, for every k such that 1 <k <v,

(9.47) T f, = Tk f, = Te f,.

If we assume instead that Tr' f,, ..., Tr” f, all exist, then all of Tr} f,, ...,

Tr; f», Tr,!fp, ..., Tr{ f, and frlﬁ,, ,fryj;, exist and, for every k such
that 1 <k<v,

oy
(9.48) Tr f, = Trf f, = Tek f, = TX* f,.
Corollary 9.8 allows us to strengthen Corollary 9.3.

Corollary 9.9. Let f, € L}(R?) and suppose that f, has all its first and second
order tensorial traces. Then for nonnegative integers k and v such that 0 <
k+v <[p/2], we have not only (9.13) as before, but, in addition, all of the first
and second order limiting traces exist and

>V k ~ k
(9.49) T[T f1=Tr  f,.
Proof. The existence of all the first and second order limiting and iterated traces

and their equality follows from Corollary 9.8. Formula (9.49) is now a conse-
quence of (9.13). O

Remark 9.3. If f, € L2(R%) has all of its first and second order traces, then it
has all of its first and second order tensorial traces and so the conclusions of
Corollary 9.9 hold.

We give one more corollary of Theorem 9.2.

Corollary 9.10. Let f, € LX(R%) and suppose that Tr* f,, Tr/[Tr* f,] and
Trf‘*" Jp exist and (9.13) holds where k and v are fixed nonnegative integers
such that 0 < k +v < [p/2]. Then ”frk iy fry[frk fp] and frkw fp exist and
(9.49) holds.

In Proposition 3.1 we saw that Tr* fp exists for functions f, possessing finite
tensorial expansions. The result immediately below goes considerably further.

Theorem 9.3. Let f, € L2(R%) and suppose that there exists a CONS (¢;)
for LX(R,) such that the coefficients (a;, .. ;) in the expansion for f,, f, =
PO a, ..., ® - ®¢;,, belong to [, .

ity ip=1
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Then for 0 < k <[p/2], T fp exists and is given by

(9.50) T f, = Y > aj.,jl,...,jk,jk,im.,...,ip) Piy,s ® "+ ® i,

Eakat s e ip=1 \J1 s, ji=1

Proof. Let (e;) be any CONS for L*(RX). It suffices to show that
(9.51)

[o <]

j},(sl, coe s Sk Skpls eoe s S2k s Sl s oo ,Sp)
=1 JREXRY

. €j(Sl s eee s sk)ej(skH s eees Szk)dsl e 'dSk dSk+1 i 'dSzk

o0 o0
= § : § : Qj sy ey ko dks 2kt s oees dp ¢izk+| ®"'®¢ip
Ji

Dok+1 ,---,ip=‘ s ey Jk=1

where the series in j converges in the LZ(Rﬁ‘Zk) norm. For the moment, we
fix j and consider the integral on the left-hand side of (9.51) with f, replaced
by its series expansion:

(9.52)
/ S (1) B (50 - Ba (Skar) -
RExRL | =1
* ¢i2k (SZk)¢i2k+| (s2k+l) """ ¢ip (Sp):|
. ej(sl s eres sk)ej(sk+1 s eees Szk)dsl °°°°° dSk . dSk+1 ~~~~~ dSZk.

Now the sequence of partial sums

YA
Z ajy,...i, 0, ® - ® 9,

ity e s ip=1

is a sequence of L2(R”) kernels converging to the L2(R%) kernel f,. It follows
that the associated integral operators converge in Hilbert-Schmidt norm, hence
in operator norm and so certainly in the strong operator topology. Thus the
expression in (9.52) equals

(9.53)
) a/ Gi(51) -+ i (58) - €51 ove s S)Bi, (Sken) -
ity ip=1 R{ xRY

“ Din (52)€5 (Ska1 s « - » S2k)Pine, s (S2ks1) v+ i, (Sp) dsy -+ - dSpdspyy -+ dsyy

[e )

= Z iy, iy (00, @@ i, €)(Diy,, @ ® iy 5 €)Piy, B ® B,

ity ip=1

Returning to the left-hand side of (9.51) and using our results so far we can
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write
(9.54)
oo
Z/ So(Sts oo 8p)ei(Sty ooy Sk)€(Skar s v s S ) dSy - - dSyy
=1 TR xRY
oo oo
=3 0> a6, @ ® i, €) (i, @ ® iy » €)Bin,, O D by
J=Lip ey ip=1
oo oo
= D @i, 4D (i, ® @i, )P, B ®Biy » €)) 0 by, B OB,
it ey ip=1 j=1
o0

oo oo
= Z Z Qjy ik bkt oo | P @77 @ iy s

Bkt s ip=1 \Jisees k=1
where the last equality follows from the fact that the coefficients (a;,,..,;,) are
symmetric in the indices and in /; . We will finish the proof by justifying the
second equality in (9.54): The sequences (¢;, ®---®¢;,, ¢;) and (¢, - ®
®i, » €j) arein [, as functions of j. Therefore
|(¢i1 ®:-® ¢ik s ej)l |(¢ik+| @ ¢i2k s ej)l

isin /; and, in fact,

Dol ® i, )|, ® - @y, €))]
i=1

1/2 1/2
(9.55) < |:Z(¢’l ®"'®¢ik’ ej)Z:I . [Z(d)ikH ®"'®¢izk’ ej)z
j=1 J=1
= [|¢;, ® - ® P, |l - Pi,, ® - ® Piy I

=1

Using (9.55) and the /;-assumption on the coefficients (a;,,.. ;,) and thinking
of the sums on both sides of the second equality in (9.54) as Bochner integrals,
we can now apply the Fubini Theorem for Bochner integrals [4, Theorem 3.7.13]
and obtain the desired equality. O

We have already seen that the four k-traces are related to one another in
various ways. The following corollary to Theorem 9.3 identifies, in terms of
orthogonal expansions, a large class of f,’s for which all four k-traces exist
and agree.

Corollary 9.11. Ler f, € L}(R%) and suppose that there exists a CONS (¢;)
for LX(R.) such that the coefficients (aj, .. ;) in the expansion for f,,

oo

fr= Z ai,...;,0,® - ®i,,

iy sy ip=1

belong to Iy. Then for 0 < k <[p/2], all four k-traces exist and we have

(9.56) T f, =T f, = Tk f, = T .
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Proof. By Theorem 9.3, T fp exists forall k, 0 <k <[p/2]. It follows from
Corollary 9.2 and Theorem 9.2 that all four k-traces exist and (9.56) holds. O

Under the assumptions of Theorem 9.3 (or Corollary 9.11), not only do all
four k-traces exist and agree but also all the second order traces exist and agree
and are consistent with the first order traces. This is the content of our last
corollary.

Corollary 9.12. Suppose that the assumptions of Theorem 9.3 are satisfied. Then
all of the first and second order traces of all four types exist, and, for any non-
negative integers k and v such that 0 < k +v <[p/2], we have

T = T fy = T fy = T7 7y = T 1)

v ~k v
= Tef[T] f,] = Tef[Te} f,] = Tr [TT f,].
Proof. Corollary 9.11 assures us that all of the first order traces of all four types

exist and agree. By (9.18) of Proposition 9.4 and Corollary 9.6 we know that
Tr” f, has the orthogonal expansion

o]

T f, = Z

Dyt sees ip=l

2
[e o)
: ( Z ajlvjl’-~~>vaiji2u+l,m’ip) ¢i2V+| ®”.®¢l‘p'

Jisees Ju=1

(9.57)

(9.58)

But the coefficients in the expansion (9.58) are in /; because of our assumption
that (a;,,..,;,) € /i and the inequalities

o0 o0
Z Z ajl’jly~~~yjusjuyi2u+lw~~;ip
sl v'"vip=l Jises =1
oo [e o)
< E § : |aj| s dv s it e by < OO
i2V+l)~~'vip=lj|"")jll=l

Applying Corollary 9.11 again but this time to Tr” f, , we now know that all the
k-traces of all four types of Tr” f,, 0 < k <[(p —2v)/2], exist and agree. The
consistency of the first and second order traces of all four types follows from
Proposition 9.3 and Corollaries 9.3, 9.4 and 9.9. O

10. EXTENSION TO ABSTRACT WIENER SPACE

The principal results of the previous sections remain true for an abstract
Wiener space (AWS), (H, B, P). We will briefly indicate some of the main
features of this extension.

Let B be a separable Banach space, H a real separable Hilbert space densely
imbedded in B such that the injection is continuous. We then have the triplet
B* c H* = H C B where * denotes the dual and H* is identified with H. P
is a centered Gaussian measure on % (B), the o-field of Borel sets of B with
covariance

(10.1) E({y,x)(y', x)=(,¥), y,y €B*CH"=H.
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Here (, ) is the (B*, B)-canonical form and ( , ) denotes the inner product
in H. See [13] for further details and references.

The main results of the preceding sections can now be generalized for an
arbitrary AWS. The generalization is of interest since it applies to a wide class
of Gaussian processes including multiparameter Wiener processes and more
general Gaussian random fields.

Every u € L? has the well-known chaos (or Wiener chaos) expansion

(10.2) u= f:um = iJm(Fm)
m=0 =0

where F,, € H®" and u, = J,(F,) is the mth order chaos expansion in
terms of Fourier-Hermite functionals (see [11]). (10.2) may also be expressed
as

(10.2") L’=Y" oz,

m=0

the RHS being an orthogonal decomposition and #, , the mth order homo-
geneous chaos. The relation #,, — H®" is an isometry given by u,, — Fy,
where F,, = #,F,, and &, is the orthogonal projection from H®” onto
H®™ . Furthermore we have

(10.3)  (Ju(Fm), Ju(F)) =m!|Fpu)? ifm=n, and =0 ifm#n.

The definitions of the different types of k-traces given in §§3 and 9 apply
also to any f, € H®”, the p-fold symmetric tensor product of H .

The definitions of first and second order traces is the same as that given in
§9. Corollaries 9.3, 9.4, 9.9, 9.10, and 9.11 also hold good without any change.

Taking H = L*(RP) we note that the proof of Theorem 9.3 carries over, with
minor changes, to the case when f, € L?(R?). We are then able to prove the
following result whose interest lies in the fact that it connects the existence of
k-traces with smoothness properties of functions.

Theorem 10.1. Let f, be a symmetric function belonging to #(R?), the space
of rapidly decreasing functions. Then all four k-traces of f, exists and are equal.

Proof. The operator 4 = —d?/dt* + 1 + t* with dense domain in L?(R) has
the normalized Hermite functions {¢,} as its eigenvalues. It is a well-known
fact that

y(R“):{f,,eLZ(R”): Z (Aiy =+ 2i)) (S, 05, ® - ®9;)? <0

ity dp
vr=0,1, }

where we write 4; =2j +2, j € Ny. (See Yuh-Jia Lee, Analytic version of test
Sfunctionals, Fourier transform and a characterization of measures in white noise
calculus, J. Funct. Anal. 100 (1991), 359-380.)
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Hence the terms (4;,---4;,)%(fp, i, ® --® ¢;,)? are bounded by a constant
K2, say. It follows that

0o p
K 1
X it on 00 s X oty k{3 ] <
! o n=0

for 2r > 1. The result follows from the modified version of Theorem 9.3 and
Corollary 9.11. O

iyedp iy..0p

Let w,(h) := (f,, h®), h € H, f, € H® be a symmetric p-linear form
on H. It has been shown in [13] that if (H, B, P) is an AWS, the probability
space (B, % (B), P) can be taken (among other choices) as a representation
space for (H, &, ) where & is the family of finite dimensional Borel cylinder
sets in H and u is the (finitely additive) canonical Gauss measure on H . In
the terminology of [13], a representation of u is given by (L, P) where for
heH,

L(h)(x):=) (h,e)fi[x],  (x€B)
j=1

if the series converges and = 0 otherwise. Here (e;) € y*(B*) is a fixed CONS
in H and fj € B* is such that e; = y*(f;). The map p* is the adjoint of the
imbedding y of H into B.

With this set up, the definition of an .#? lifting of v, is defined as in §2
and is denoted by R[y,]. If the latter exists y,, is called an accessible random
variable on H .

The proofs of the following basic results are exactly as in Theorems 5.1 and
6.1 (for 0 =1).

Theorem 10.2. Ry, exists if and only if frk fp exists for 0 < k < [p/2] and
then
(p/2) »
(10.4) Ry, =Y Cpudp(Tr f),
k=0
where C, ; = p!/(p — 2k)12%k!.

Theorem 10.3. Let f, € H®? and let Wy = Wp(fp) be the associated form on
H . Suppose that f, has all its first and second order traces and that they are
consistent. Then

[r/2]

(10.5) T = 3 (—1Cy kRIWp- e (TE fy)].
k=0

In a recent paper [19] Sugita has obtained the RHS of (10.4) as an expression
for what he calls the multiple Stratonovich integral and denotes by 6% f, . He
also obtains formula (10.5) with the lifting on the RHS of (10.5) replaced by
89%—2k(Tracek fp) . However, Sugita’s traces are iterated k-traces whereas ours
are limiting k-traces and the two coincide under the assumption that the k-
traces of f, exist. Moreover by our Theorem 10.2 the existence of limiting
k-traces is a necessary and sufficient condition for the formula (10.4) to hold.
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